We present measurement and analysis techniques that allow the complex magneto-conductivity tensor to be determined from measurements of the complex Faraday (θ F ) and Kerr (θ K ) angles. θ F and θ K are measured in a Ga 1−x Mn x As and SrRuO 3 films. Thick film transmission and reflection equations are used to convert the complex θ F and θ K into the complex longitudinal conductivity σ xx and the complex transverse (Hall) conductivity σ xy . The resulting σ xx is compared to the values obtained from conventional transmittance and reflectance measurements, as well as the results from Kramers-Kronig analysis of reflectance measurements on similar films.
I. INTRODUCTION
Conventional dc Hall effect measurements have been essential in revealing the unusual character of novel electronic materials including high temperature superconducting cuprates (HTSC), 1 diluted magnetic semiconductors (DMS) and ruthenate perovskite (RP) materials.
In many of these materials, the Hall angle θ H and transverse (Hall) conductivity σ xy provide information critical to understanding their electronic properties. The frequency dependence of θ H and σ xy is very sensitive to the electronic structure, and in many cases exposes new insights that are hidden in the longitudinal conductivity σ xx that is measured by conventional spectroscopy. The mid-infrared (MIR: 100-500 meV) energy range is particularly interesting in many of these materials. For example, the band structure of RP 2 and III-V(Mn) DMS 3, 4 leads to predictions of strong spectral features in σ xy in the MIR. In the electron-doped cuprate, Pr 2−x Ce x CuO 4 , evidence of a spin density wave gap has been observed in the MIR behavior of σ xy .
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Reflection and transmission magneto-polarimetry measurements allow one to determine the complex Faraday θ F and Kerr θ K angles, respectively. θ F (θ K ) describes the change in polarization of transmitted (reflected) light produced by a sample in a magnetic field.
Although, θ F and θ K are useful, they depend on the optical geometry of the sample, such as the thickness of the film and index of refraction of the substrate. Furthermore, calculations of θ F and θ K depend on which assumptions are made for the optical formulas, e.g., thin film, thick film, and bulk. Theoretical models typically calculate response functions such as σ xy and σ xx . Since these conductivities are related to the electronic behavior in a more fundamental way, it is useful to convert θ F and θ K into these more elementary quantities.
In principle one can determine σ xx using conventional spectroscopy techniques such as
Kramers-Kronig analysis of reflectance measurements or analysis of transmittance and reflectance measurements. A key advantage of determining both σ xx and σ xy from the same set of θ F and θ K measurements is that the behavior of σ xx , which may already be fairly well known, can provide a consistency test for σ xy , which typically is not well known in the MIR.
Furthermore, since θ F and θ K measurements are absolute measurements that do not require normalization to a reference sample, the accuracy of this technique can be very high. For experimental systems such as ours that are designed for magneto-polarimetry measurements, obtaining σ xx through θ F and θ K measurements is experimentally more straightforward than using conventional spectroscopic techniques.
Of course, this approach has limitations. First, one requires a magnetic field. Second, the samples must produce measurable θ F and θ K signals, which is not always the case.
For example, in ordinary metals such as Au as well as unconventional metals such as high temperature superconductors θ K is very small and would be difficult to measure accurately.
Fortunately, magnetic metals such as SrRuO 3 and Ga 1−x Mn x As produce θ K signals that can be measured readily.
In this paper, we present a MIR polarimetry technique that determines the entire complex conductivity tensor in a sensitive way using the θ F and θ K measurements. We shall first introduce a sensitive magneto-optical measurement system, next we develop formula for θ F and θ K in terms of σ xx and σ xy , and finally we shall test these techniques on SrRuO 3 and Ga 1−x Mn x As films.
II. EXPERIMENTAL SYSTEM
When illuminating a material in a magnetic field using linearly polarized light, the transmitted and reflected beams can be modified in two ways: the plane of polarization can be rotated with respect to the incident linear polarization and the beam may acquire ellipticity.
The polarization change of the transmitted light is characterized by the complex Faraday angle θ F , the optical analog of the Hall angle θ H = σ xy /σ xx , where σ xx is the longitudinal conductivity and σ xy is the transverse (Hall) conductivity. θ F relates the magnitudes and phases of the transmitted electric fields that are perpendicular (t xy ) and parallel (t xx ) to the incident linear electric polarization, which is along the x-direction in this case: tan θ F ≡ t xy /t xx where t xx and t xy are the diagonal and off-diagonal components of the complex magneto-transmission tensor. The complex Kerr angle θ K describes the change in the polarization of reflected light, with tan θ K ≡ r xy /r xx , where r xx and r xy are the diagonal and off-diagonal components of the complex magneto-reflection tensor. For small changes in the incident polarization, Re (θ F ) (Re (θ K )) is related to the rotation and Im (θ F ) (Im (θ K )) is related to the ellipticity of the transmitted (reflected) beam's polarization.
The experimental technique used in this paper is based on Ref. 6 . There are four new experimental aspects that are added here: 1) precision translational mount for magneto-optical cryostat; 2) extended wavelength range using additional lasers; 3) reflection measurements to determine θ K ; and 4) new calibration technique. After reviewing the basic experimental technique, this paper will focus on these four new areas. The experimental setup is shown in Fig. 1 . The Faraday and Kerr angles are measured using discrete lines from CO 2 (115-133 meV), CO (215-232meV), and HeNe (366 meV) lasers. Measurements have also been made using laser diodes operating at 500 meV and 775 meV located near Lens 3 in Fig. 1 . One can probe the samples down to 9 K and magnetic fields up to 7 T in the magneto-optical cryostat. The different laser beams are aligned in one optical path before entering the cryostat (Fig. 1) . The original optical path is designed for a CO 2 laser. The CO laser is sent to probe the sample by inserting mirror M CO , which is mounted on a kinematic base before Lens 1. The HeNe laser is sent to probe the sample by inserting mirror M HeNe , which is mounted on a kinematic base near the Brewster reflector. An optical chopper modulates the laser intensity with a frequency ω 0 . To prevent etalon artifacts from multiple reflections within optical components, the cryostat windows and the sample substrate are wedged 1-2 • , and the photoelastic modulator (PEM), which is used to analyze the polarization of the tranmsitted/reflected radiation, is tilted forward 25
• .
There are only two windows, the room temperature ZnSe windows, in the 7 T magnetooptical cryostat. These windows are placed on 30 cm extension tubes (as can be seen . 6 Typically, one measures the rotation using the second harmonic signal I 2ω PEM and the ellipticity using the third harmonic signal I 3ω PEM .
The mount holding the 7 T magneto-optical cryostat can be translated with submillimeter precision horizontally and vertically. As can be seen in In this paper both transmission and reflection measurements are made to determine both θ F and θ K , whereas only transmission measurements (θ F ) were reported in Ref. 6 . Although θ F and θ K provide similar information, there are several advantages to measuring both.
First, in the metallic films that are reported here, the transmittance can be very low as is discussed in the Samples section of this paper. The reflectance amplitudes, on the other hand, are typically on the order of 50 %. Although the substrates used in our measurements are relatively transparent in the MIR, θ K measurements are not limited to transparent substrates and can even be applied to bulk materials where transmission measurements would be impossible for metals. The fact that θ F and θ K are related is also an advantage in that the self-consistency of the results may be confirmed.
In Ref. 6 we describe several techniques to calibrate the polarimetry system. We have developed a new technique which allows the simultaneous calibration of the PEM retardance R PEM and the angle α 2 of the final linear polarizer P 2 . One of the calibration techniques in Ref. 6 is to rotate the PEM by a known small angle φ and use the change in the normalized detector signal S 2 that is at 2ω PEM to calibrate θ F . The PEM and polarizer P 2 are rotated as a single unit, so that the angle α 2 between the PEM and P 2 is kept constant. In this case, we measure the normalized signals S 2 and S 4 at 2ω PEM and 4ω PEM , respectively. For φ ≪ 1 these signals depend on φ as follows:
(1)
where J n are nth order Bessel functions, I 0 is the signal at the chopper frequency, I 2 ω PEM is the signal at 2ω PEM , and I 4 ω PEM is the signal at 4ω PEM . Note that the ratio of S 2 and S 4 in
Eq. 3 only depends on R PEM , as all the other factors cancel. One can use the measurement of S 2 /S 4 to determine R PEM . Since neither φ nor α 2 enter into Eq. 3, this calibration is not affected by the amount the PEM is rotated, as long φ ≪ 1, nor by the precise orientation of polarizer P 2 . Once R PEM is determined, it can be entered into either Eqs. 2 or 3 to determine α 2 , which is nominally 45
• . Although α 2 can be calibrated, when doing measurements at a various wavelengths, errors can be reduced by keeping α 2 constant. The errors in adjusting P 2 to make α 2 = 45
• at each wavelength can be significant. If α 2 is kept constant, there will be no variation from wavelength to wavelength due to different settings of P 2 . A further check when performing this calibration at different wavelengths and different lasers, is that α 2 from the fits should be the same since P 2 was not moved. In our calibration measurements, α 2 determined from this calibration typically remains constant to within 0.2 • over the entire measurement range. As in Ref. 6 , the roll-off attenuation of the detector and its associated electronics is included in the final calibration. We have found that the roll-off also depends on the gain setting of the detector pre-amplifier.
III. SAMPLES
The SrRuO 3 sample consists of a 282 nm thick SrRuO 3 film on a LaSrGaO 4 substrate and was grown by pulsed laser deposition at Oak Ridge National Laboratory as described in Ref. 9 . The LaSrGaO 4 substrate is transparent in the MIR, which allowed both transmission and reflection measurements to be made. The thickness of the SrRuO 3 film and the fact that the substrate begins to absorb strongly below 117 meV, resulted in transmittances that could be below 0.01 %. Fortunately, high power coherent sources such as the CO 2 and CO lasers coupled with a liquid nitrogen cooled detector provide the measurement system with the necessary dynamic range to measure small changes in the polarization even for such small transmittance values. The LaSrGaO 4 substrate was polished to a 2 • wedge after the film was grown.
The Ga 1−x Mn x As sample having a Curie temperature of 95 K was synthesized using Mn 
IV. ANALYSIS
Although many experimental improvements have been made since our first report in Ref. 6 , the primary contribution of this paper involves a novel analysis of θ F and θ K measurements. In this section we develop thick-film formulas for θ F and θ K in terms of σ xx and σ xy . We also discuss the sign conventions that are used for θ F and θ K .
A. Thick-film equations for θ F and θ K Since θ F and θ K are defined in terms of the complex transmission and reflection amplitudes t xy , t xx , r xy , and r xx , we begin by determining these amplitudes. As light passes through a thick film sample on a wedged substrate, part of the beam is reflected and part is transmitted at each interface, as shown in Fig. 3 . The beam that reflects off the first air-film interface combines with beams that have been multiply reflected within the film to produce the reflected light. Since the back of the substrate is wedged, beams that reflect from it do not combine with the beams reflecting off the film. The first pass beam combines with beams that are multiply reflected within the film to produce the transmitted light entering the substrate. This transmitted light is also multiply reflected within the substrate, but since the substrate is wedged, each order of reflection exits the substrate at a different angle.
Therefore, the main advantage of using a wedged substrate is that one can spatially separate the first-pass beam from beams that are multiply reflected within the substrate.
Consider a thick film with complex index of refraction n f on a wedged substrate with complex index of refraction n s . The Fresnel coefficients t ij and r ij describe the transmission and reflection amplitudes, respectively, at each interface separating a material with index n i from a material with index n j . Summing over all transmitted beams including only multiple reflections within the film, the complex transmission coefficient for the sample is given by:
where Similarly adding all contributions to the reflected light, the total reflection coefficient becomes:
Note that the r(n f ) on a wedged substrate is the same as for a film on an infinitely thick substrate since the reflection from the back of the substrate never reaches the detector.
The following calculation connects the θ F to the optical conductivities σ xx and σ xy . We shall assign the z-axis as the direction of light propagation and also the direction of the magnetic field B. Assuming that the sample is cylindrically symmetric along z-axis, the conductivity tensor would be indistinguishable between x-and y-axis, σ xx = σ yy and σ xy = −σ yx .
Therefore, the optical conductivity tensor is purely diagonal in the circular polarization basis. One can write the complex dielectric function ε ± for a circularly polarized basis with either positive or negative helicity. ε ± is related to the conductivity σ ± , represented in the circular basis, by
where ε 0 is the response of bound charges and ε ≡ ε 0 − 4πσ xx /iω is the longitudinal component of dielectric function. The complex index of refraction n ± f for the film using a circular polarization basis can be expressed in terms of ε ± and σ xy .
where σ 0 is defined as ω 4π ε 0 . Since σ xx ≫ σ xy in most cases in the MIR, n ± f can be simplified to
where n longit = √ ε is longitudinal component of complex index of refraction and δn f = 2πσ xy /ωn longit is the transverse component. The diagonal (longitudinal) transmission coefficient t xx and the off-diagonal (transverse) transmission coefficient t xy in a linear polarization basis are related to the diagonal transmission coefficients t + and t − in the circular polarization basis as follows. Since t + ≈ t − ,
Equations (9) and (10) show that diagonal transmission measurements probe the sum of t + and t − , whereas off-diagonal transmission measurements, e.g., Faraday measurements, probe the difference, making them more sensitive to small changes in t + and t − induced by magnet fields or other symmetry-breaking mechanisms. Putting Eqs. (9) and (10) together, Faraday angle θ F can be represented in terms of σ xy and σ xx (found in n longit ) as
One can use the same approach to calculate θ K in terms of σ xx and σ xy using the reflection coefficients. The diagonal and the off-diagonal reflection amplitudes, r xx and r xy , can be expressed in a linear polarization basis in terms of the diagonal reflection coefficients r + and r − in the circular polarization basis.
Again, we have assumed that r + ≈ r − . Combining Eq. (12) and Eq. (13) produces an expression for θ K in terms of σ xx and σ xy ,
Note that since both tan θ F and tan θ K are proportional to σ xy , the magneto-optical signals vanish when σ xy = 0, as expected. Dividing tan θ F in Eq. (11) tan θ K in Eq. (14) allows σ xy to divide out and produces
Since δn f << n longit , t ≈ t xx and r ≈ r xx in the linear polarization basis, and the complex function F(n f ) only depends on the longitudinal index of refraction of the film (n f ≈ n longit ).
Since θ F and θ K are typically small, one can use the small angle approximation where tan θ F ≈ θ F and tan θ K ≈ θ K . If the complex θ F and θ K are measured experimentally, one can solve Eq. (15) numerically to obtain n longit . Once n longit is determined, we can use Eqs. (6) and (8) to calculate the complex longitudinal conductivity σ xx of the film:
where ǫ 0 is the contribution to the dielectric function from bound carriers, which allows the conductivity to be determined for free carriers. In these measurements, we typically are interested in the response of all the carriers, bound and free, so ǫ 0 is set to 0. Using the measured values for θ F or θ K , and plugging n longit back into Eqs. (11) or (14), one can now determine the complex σ xy .
B. Sign calibration
The sign calibration is needed in Faraday and Kerr measurements because the solutions for σ xx and σ xy depend on which signs are assigned to θ F and θ K . There are two sign conventions in describing the time-evolution of the electric field in magneto-optical measurements:
exp(−iωt) or exp(+iωt). Determining the correct signs for θ F and θ K can be challenging, both experimentally and theoretically.
Experimentally, one must make sure that the direction of the magnetic field is known and One also has to be concerned with how signs are treated in the thick film formulas that relate θ F and θ K to σ xx and σ xy . Sign conventions in both experiments and calculations are frequently mixed, so the only unambiguous way to determine the signs of θ F and θ K is to measure a well characterized sample where the signs are well defined. In our measurements the signs of Re (θ F ) and Im (θ F ) are determined by comparing the signals from the samples with those produced by a gold film at 120 meV. Since θ F in gold is produced by free electrons, one can characterize the response of a sample in Re (θ F ) and Im (θ F ) as"electron-like"
or"hole-like." One can represent the complex σ xx and σ xy of gold using a simple Drude model, which in turn can be used to calculate θ F using the same thick-film transmission formula in Eq. (11) . The signs of Re (θ F ) and Im (θ F ) determined by this calculation can be used to determine the signs produced by other samples. For example, applying Eq. (11) to a Drude model for a gold film produces Re (θ F ) < 0 and Im (θ F ) < 0. Therefore, if the Re (θ F ) signal for the sample has the same polarity with applied magnetic field as the signal from a gold film (electron-like), a negative value of Re (θ F ) is used in the thick-film equation to determine σ xx and σ xy . The sign of Im (θ F ) is determined the same way. This convention insures that a film with an electron-like response in both Re (θ F ) and Im (θ F ) will produce the correct signs and magnitudes of σ xx and σ xy . For example, θ F measured from a gold film will produce a purely positive σ xx and a purely negative σ xy . Presently we do not have an absolute sign calibration for θ K , since θ K from a gold film is too small to measure. However, other physical constraints can be used to determine the signs for θ K once the signs for θ F are known. First, the real n and imaginary k parts of the index of refraction must be positive. Second, if the sample is metallic and the probe frequency is below the plasma frequency (SrRuO 3 in MIR), the real part of the dielectric function ǫ 1 = n 2 − k 2 must be negative, implying that n < k. These constraints eliminate any non-physical solutions that arise in solving for σ xx and σ xy from θ F and θ K . The final signs for σ xx and σ xy are not arbitrarily assigned, but are determined from the measurements and the calibration procedure described here.
V. RESULTS
The measurements on the SrRuO 3 and Ga 1−x Mn x As films reported here probe the anomalous Hall effect, which is the Hall effect that arises from the sample magnetization. Therefore, to eliminate contributions from the ordinary Hall effect, which depends on the applied magnetic field, these measurements were performed on films that are fully magnetized out of plane with zero applied magnetic field. In the case of Ga 1−x Mn x As where the remanent megnetization was very small, the finite-field linear behavior is extrapolated back to B = 0.
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The measurement and analysis techniques described in this paper can be applied to finite magnetic fields equally well. Fig. 4 are determined using the thick film equations (Eqs. (11) and (14)) as E → 0 with the dc measurements for σ xx and σ xy . The dc θ H at 10 K and 0 T with the sample fully magnetized is −0.0052 rad, which is within 2% of θ F (E → 0) and confirms the expected relationship for metallic materials where 
.001 rad at 8 T.
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The inset of Fig. 4 shows θ F and θ K from a SrRuO 3 film as a function of applied magnetic field at a probe energy of 117 meV at 10 K. The response of θ F to the applied magnetic field is electron-like, as determined by comparing the signals to a gold film reference sample.
Although the intensity of transmitted light can be as small as 0.01 % than that of reflected, the magneto-optical signals in transmission (θ F ) are approximately an order of magnitude larger than those obtained in reflection (θ K ). This is due to the fact that in metallic films θ F ∝ σ xy /σ xx while θ K ∝ σ xy /(σ xx ) 2 . Therefore, for thicker and more metallic films, θ F is much more sensitive to σ xy than θ K in the MIR. (small symbols with error bars in Fig. 5a ). In the 117-224 meV range, σ xx obtained using θ F and θ K measurements is within 20 % of the average values obtained using transmission and reflection measurements. At 366 meV the average difference is closer to 30 % due to the difficulty in aligning the weak HeNe laser with an output of 2 mW that is two order of magnitude lower than the CO 2 and CO lasers. Furthermore, the differences in the quality of the polish of the wedged sample and reference substrates are much more critical at this shorter wavelength. At all wavelengths, σ xx obtained by Faraday and Kerr measurements is within the error bars of σ xx obtained using transmission and reflectance measurements.
Challenges in absolute transmission and reflection measurements using discrete laser lines on a wedged sample could easily account for the differences and suggest that in this case θ F and θ K measurements, which are self-normalizing, may allow a more accurate determination of σ xx . Figure 6 shows θ F and θ K at 10 K and 0 T from a Ga 1−x Mn x As film with the sample fully magnetized out of plane as a function of probe energy. It represents the strong energy dependence and the sign changes in both the real and imaginary parts of θ F and θ K . θ F and θ K exhibit qualitatively similar behavior in this case. Fig. 7a ) provides added confidence that the σ xy found in Fig. 7b ) accurately represents the response of the Ga 1−x Mn x As film. The MIR Re (σ xy ) extrapolates smoothly to the dc σ xy . Note that the low energy behavior of the Re (σ xy ) is hole-like, suggesting that there is no sign reversal in the AHE between 0 and 100 meV.
VI. CONCLUSION
We have demonstrated experimental and analytical techniques that can be used to determine the complete complex magneto-conductivity tensor from Faraday and Kerr measurements in ferromagnetic metals and semiconductors. In both materials, σ xx obtained using Faraday and Kerr measurements was quantitatively consistent with the values for σ xx that were obtained using conventional transmittance and reflectance measurements.
Furthermore, in both materials, σ xy showed strong spectral features, including peaks and sign changes, which will be discussed in future papers. With the increasing application of magneto-optical measurements to study magnetic and non-magnetic materials, and with the specific interest in the infrared longitudinal and transverse conductivity of magnetic oxides and semiconductors, these techniques may have a significant impact in a number of fields. 
